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Abstract. For any factorization domain A and an algebra endomorphism σ of A, there
exists a non-associative algebra (A, σ, [·, ·]) with multiplication satisfying skew-symmetry
and generalized (twisted) Jacobi identities, called a σ-deformed Witt algebra. In this
paper, we obtain the necessary and sufficient conditions for the algebra (A, σ, [·, ·]) to be
simple.
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§1. Introduction
Deformation theory has many applications in mathematics and physics, especially in quan-
tum theory (e.g., [D, ES, Kas]), therefore more and more attentions have been received on this
field. For instance, the q-Witt algebras, q-Virasoro algebra, q-deformed Heisenberg algebras
were investigated in [H, HS], and the quantized structures of some Witt type algebras were
present in [G, HW]. Furthermore, there are various interesting deformations of Lie algebras,
such as hom-Lie algebras, quasi-Lie algebras, quasi-hom-Lie algebras (e.g., [LS1, LS2, LS3,
MS, RS, Y]). As a by-product, some algebras such as hom-Lie color algebras, hom-admissible
algebras, hom-coalgebras, hom-Hopf algebras, etc. have also received some attentions in lit-
erature (e.g., [HLS, HS, LS1, LS2, LS3, MS, Y]).
The Witt algebra, which is the infinite-dimensional Lie algebra of linear differential op-
erators on the circle, is as stated in [HLS] an important example in the classical differential
and integral calculus, relating it to topology and geometry, and at the same time responsible
for many of its key algebraic properties. It is also a well-known fact that the Virasoro alge-
bra, which has played more and more important role in various mathematical and physical
theories, such as vertex operator algebras, conformal field theory, the theory of the quantum
Hall effect and integrable system, etc, is simply the universal central extension of the Witt
algebra. Furthermore, the Witt type Lie coalgebras are the first examples of infinite dimen-
sional Lie coalgebras constructed by Michaelis, and called “the gift given by God” [M]. Due
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to the increasingly importance of Witt type algebras, generalizations of Witt type algebras
and their subalgebras have been introduced and studied by many authors (e.g., [DZ1, DZ2,
Kaw, O, P, S, SX1, SX2, SX3, SXZ, SZ, SZh, X]). In particular, the necessary and sufficient
conditions for a wide class of Witt type algebras to be simple were obtained in [P], which
can be conveniently used to verify whether or not a Witt type algebra is simple. From this,
a large class of simple Witt type algebras were explicitly constructed in [X], whose structure
and representation theories were studied in [SXZ, SZ, SZh].
Using σ-derivations, the authors in [HLS] obtained general deformations of Witt type
algebras, referred to as σ-deformed Witt algebras. In order to construct explicitly simple σ-
deformed Witt algebras and to study their structure and representation theories, it is desirable
to establish some kind of criteria similar to [P] for Witt type algebras, to determine when a
σ-deformed Witt algebra is simple. This is the aim of the present paper.
The main result of the present paper is the following theorem.
Theorem 1.1 Let A be a unique factorization domain over an arbitrary field F , σ an epi-
morphism on A, and ∂ the σ-derivation defined by (2.2) satisfying ∂(A) = A. Then the
σ-deformed Witt algebra (A, [·, ·], σ) defined in Theorem 2.2 is simple if and only if A is
∂-simple (cf. Definition 3.1).
§2. Preliminary results
Let F be an arbitrary field, A a unique factorization domain over F , and σ an endomor-
phism on A. we first recall the notion of σ-derivation of A(see [Kas]), A linear map d : A → A
is called a σ-derivation of A if
d(ab) = d(a)b+ σ(a)d(b) for all a, b ∈ A. (2.1)
Denote the vector space of σ-derivations of A by D(A). It is easy to see that d(1) = 0 for
d ∈ D(A).
The following notions can be found in [HLS]. Assume that σ 6= Id (the identity map).
Let g = gcd(Id − σ)(A) be a greatest common divisor of (Id − σ)(A). Define a linear map
∂ : A → A by
∂ =
Id− σ
g
, i.e., ∂(x) =
x− σ(x)
g
for x ∈ A. (2.2)
The following result can be found in [HLS].
Lemma 2.1 The space D(A) is free of rank one as an A-module with generator ∂.
Thus D(A) = A∂, where an element a∂ ∈ A∂ acts on A as
a∂ : x→ a∂(x) for a, x ∈ A.
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The algebra (A, σ, [·, ·]) with product defined below, is called a σ-deformed Witt algebra:
[a, b] = σ(a)∂(b) − σ(b)∂(a) for a, b ∈ A. (2.3)
The following is one of the main results in [HLS].
Theorem 2.2 The σ-deformed Witt algebra (A, σ, [·, ·]) satisfies the following conditions:
(1) bilinearity: The operator [·, ·] : A×A → A defined by (2.3) is bilinear.
(2) skew-symmetry: [a, a] = 0 for all a ∈ A.
(3) the generalized Jacobi identity:
0 = [σ(a), [b, c]] + δ[a, [b, c]]
+[σ(b), [c, a]] + δ[b, [c, a]]
+[σ(c), [a, b]] + δ[c, [a, b]] for a, b, c ∈ A,
where, δ = σ(g)
g
.
Proof. The proof is straightforward. 
Definition 2.3 A Hom-Lie algebra is a triple (V, [·, ·], α) consisting of a vector space V ,
bilinear map [·, ·] : V × V → V and a linear map α : V → V satisfying
[x, y] = −[y, x],
[α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0,
for all x, y, z ∈ V.
Remark 2.4 (1) Since g|(Id − σ)(g) from the definition of g, we have g|σ(g), and so δ =
σ(g)
g
∈ A. Thus the generalized Jacobi identity is well defined in A. Furthermore, δ
satisfies:
∂(σ(a)) =
(Id− σ)(σ(a))
g
=
σ(a)− σ2(a)
g
=
σ(g)
g
σ(
a− σ(a)
g
) = δσ(∂(a)),
for a ∈ A.
(2) If σ → 1 (in some sense), the σ-derivation ∂ defined by (2.2) is the usual derivation on
A, and the bracket defined by (2.3) is the bracket of usual Witt type Lie algebras.
(3) If δ ∈ F , then by defining a linear map σ1 : A → A by σ1(a) = σ(a) + δa for a ∈ A,
and the bracket on A by [a, b] = σ(a)∂(b)− σ(b)∂(a) for a, b ∈ A, we obtain a Hom-Lie
algebra (A, [·, ·], σ1), called a Witt-type Hom-Lie algebra.
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(4) If δ /∈ F , the triple (A, [·, ·], σ1) is not a Hom-Lie algebra, in this case, the the triple
(A, [·, ·], σ1) is no longer satisfying Hom-Jacobi identity defined by Definition 2.3, and
one can compute it directly.
§3. The Proof of Main Result
From now on, we shall discuss the conditions for σ-deformed Witt algebra (A, [·, ·], σ) to
be simple. We shall always assume A is a unique factorization domain. As in the Lie algebra
case (e.g., [P]), we first give some definitions.
Definition 3.1 (1) An ideal I of A is (σ,D(A))-stable if σ(a), d(a) ∈ I for all a ∈ I, d ∈
D(A).
(2) The algebra A is (σ,D(A))-simple if it has no nontrivial (σ,D(A))-stable ideals.
Remark 3.2 (1) It is easy to see that if I is a (σ,D(A))-stable ideal of A, then I is also
an ideal of the σ-deformed Witt algebra (A, [·, ·], σ).
(2) By Lemma 2.1, D(A) = A∂, thus an ideal I of A is D(A)-stable if and only if it is
∂-stable.
Similar to the usual Witt-type Lie algebra case (see [P]), we have
Proposition 3.3 If A is (σ,D(A))-simple, then A∂ = {a | ∂(a) = 0, a ∈ A} is (σ, ∂)-stable,
moreover, A∂ is a field containing F .
Proof. From the definition of ∂, we see that ∂(x) = 0 if and only if σ(x) = x. Thus A∂ is
obviously σ-stable. It is easy to see that A∂ is a subring of A. If 0 6= a ∈ A∂, then aA is a
nonzero (σ,D(A))-stable ideal of A, and so aA = A. Thus a is an invertible element in A.
From 0 = ∂(1) = ∂(aa−1) = ∂(a)a−1 + σ(a)∂(a−1) = a∂(a−1), and since A has no nonzero
divisors, we have ∂(a−1) = 0. Hence a−1 ∈ A∂, namely, A∂ is a field. 
Lemma 3.4 If an ideal I of A is ∂-stable, then I is also σ-stable.
Proof. For any x ∈ I, since x−σ(x)
g
= ∂(x) ∈ I, we obtain σ(x) = x− g∂(x) ∈ I. 
From Lemma 3.4 and Remark 3.2, we have,
an ideal I of A is (σ,D(A))-stable ⇐⇒ I is ∂-stable, (3.1)
A is (σ,D(A))-simple ⇐⇒ A is ∂-simple. (3.2)
Lemma 3.5 If σ 6= 0 and A is ∂-simple, then σ is a monomorphism.
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Proof. Suppose that σ is not a monomorphism, then Ker(σ) 6= {0} is an ideal of A, which is
obviously σ-stable. For any x ∈ Ker(σ), we have ∂(x) = (Id−σ)(x)
g
= x
g
, and σ(∂(x)) = σ(x
g
) =
σ(x)
σ(g)
= 0, and so ∂(x) ∈ Ker(σ). Thus Ker(σ) is a nontrivial (σ, ∂)-stable ideal of A by (3.1),
a contradiction. 
Lemma 3.6 Let V be a ∂-stable vector subspace of A, and σ an epimorphism of A. Then
any maximal ideal I of A which is contained in V is (σ,D(A))-stable.
Proof. It is easy to see that I + ∂(I) ⊂ V is ∂-stable. For x ∈ I, a ∈ A, from ∂(ax) =
∂(a)x + σ(a)∂(x), we have σ(a)∂(x) = ∂(ax) − ∂(a)x ∈ I + ∂(I). Since σ is an epimorphism
of A, we see that I + ∂(I) is an ideal of A. So I + ∂(I) ⊂ I by the maximal nature of I. By
(3.1), I is (σ,D(A))-stable. 
Lemma 3.7 Suppose A is ∂-simple. Let I be an ideal of (A, [·, ·], σ), and σ an epimorphism
on A. Then ∂(A) ⊂ I.
Proof. For x ∈ I, we have ∂(x) = σ(1)∂(x) − σ(x)∂(1) = [1, x] ∈ I, i.e., I is a ∂-stable
subspace of A. For x ∈ I, a ∈ A, we have σ(x)∂(a) − σ(a)∂(x) = [x, a] ∈ I. From this, we
obtain
∂(xa) = ∂(x)a + σ(x)∂(a) ≡ ∂(x)a + σ(a)∂(x) (mod I).
Thus ∂(xa) ∈ IA, i.e., IA is a ∂-stable ideal of A.
Let x be an element of I with the shortest expression: x = axx1x2 · · ·xs, where ax is a
unit of A, and xi, i = 1, 2, · · · , s are irreducible elements of A with s being minimal. Then
xA must be a maximal ideal of A which is contained in IA. Thus xA is a ∂-stable ideal of
A by Lemma 3.6. This implies that xA = A since A is ∂-simple. Therefore x is a unit of A.
For any a ∈ A, we have
σ(x)x∂(a) = σ(x)(∂(a)x + σ(a)∂(x))− σ(a)σ(x)∂(x)
= σ(x)∂(ax) − σ(ax)∂(x)
= [x, ax] ∈ I.
This implies ∂(a) ∈ I since σ(x)x is also a unit. This proves ∂(A) ⊂ I. 
Now we can prove the main result of the paper.
Proof of Theorem 1.1. On one hand, if A is not ∂-simple, and I is a ∂-stable proper ideal of
A, then one can easily check that (I, [·, ·], σ) is a proper ideal of (A, [·, ·], σ).
On the other hand, if (I, [·, ·], σ) is an ideal of (A, [·, ·], σ), then A = ∂(A) ⊂ I by Lemma
3.7. 
From Theorems 1.1 and 2.2, we obtain
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Theorem 3.8 Let A be a unique factorization domain over F , σ an epimorphism on A, and
∂ the σ-derivation defined by (2.2) satisfying ∂(A) = A. Suppose δ defined in Theorem 2.2
is an element in F . Then the Hom-Lie algebra (A, [·, ·], σ1) with σ1 being defined in Remark
2.4(3) is simple if and only if A is ∂-simple.
§4. Applications
As applications of Theorems 1.1 and 3.8, we obtain the following.
Corollary 4.1 Let A = C [t] be the polynomial algebra in one variable t, and σ the endomor-
phism of A determined by σ(t) = qt, where 0 6= q ∈ C is not a root of unit. Thus
σ(f(t)) = f(qt) for f(t) ∈ A.
Define the σ-derivation by
∂(f(t)) =
(Id− σ)(f(t))
t− qt
=
f(t)− f(qt)
t− qt
. (4.1)
Then the σ-deformed Witt algebra (A, [·, ·], σ) is simple. Furthermore, the Hom-Lie algebra
(A, [·, ·], σ1) with σ1 being defined in Remark 2.4(3) is simple.
Proof. It easy to check that g = gcd(Id − σ)(A) = t − qt, and ∂(A) = A. Let I 6= {0}
be a ∂-stable ideal of A. Since A is a principal ideal domain, we have I = (p(t)) for some
0 6= p(t) ∈ A. Note that ∂(p(t)) ∈ I = (p(t)), i.e., p(t)|∂(p(t)). On the other hand, we have
deg ∂(p(t)) < deg p(t) by (4.1). This implies ∂(p(t)) = 0, namely, p(t) ∈ C is invertible. Thus
I = A, and A is ∂-simple. By Theorem 1.1, (A, [·, ·], σ) is simple.
Since δ = σ(g)
g
= σ(t)−σ(qt)
t−qt
= q ∈ F , by Theorem 3.8, (A, [·, ·],σ1) is a simple Hom-Lie
algebra, where σ1 is defined as in Remark 2.4(3) by σ1 = σ + q Id. 
Corollary 4.2 Let A, σ, and ∂ be as in Corollary 4.1, and q be an n-th primitive root of unit.
Then the σ-deformed Witt algebra (A, [·, ·], σ) is not simple.
Proof. The principal ideal I = (tn) generated by tn is a proper (σ, ∂)-stable ideal of A, and
(I, [·, ·], σ) is a proper ideal of (A, [·, ·], σ). Thus (A, [·, ·], σ) is not simple. 
Corollary 4.3 Let A = C [t±1] be the Laurent polynomial algebra in one variable t, and σ the
endomorphism on A determined by σ(t) = qt, where 0 6= q ∈ C is not a root of unit. Then
the Hom-Lie algebra (A, [·, ·], σ1) with σ1 being defined in Remark 2.4(3) is simple.
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Proof. Since (Id− σ)(t) = t− qt = t(1− q) is a unit in A, we see that g = gcd(Id− σ)(A) is
a unit of A.
Take g = tk for any fixed k ∈ Z . Then ∂ = t−k(Id − σ). It is easy to see that ∂(A) = A.
Let I be a nonzero ∂-stable ideal of A (thus also σ-stable). Let 0 6= p(t) =
∑n
i=−m ait
i ∈ I.
By applying σ to p(t) several times, we obtain
n∑
i=−m
qij(ait
i) = σj(p(t)) ∈ I, j = 0, 1, 2, ..., m+ n. (4.2)
Regarding (4.2) as a system of linear equations on (m+ n + 1) variables ait
i, i = −m,−m +
1, ..., n, since the determinant of coefficients is a nonzero Vandermonde determinant due to
the fact that q is not a root of unit, we obtain that each monomial (which is a unit in A) of
p(t) is also in I. Thus I = A. Let δ = σ(g)
g
= qk, and σ1 = σ+ q
k Id, we obtain from Theorem
3.8 that (A, [·, ·],σ1) is a simple Hom-Lie algebra. 
Corollary 4.4 Let A = C [t±1] be the Laurent polynomial algebra in one variable t, and σ
the endomorphism of A defined by σ(t) = qts, where 0 6= q ∈ C , s ∈ Z , s 6= 0, 1, 2. Then
the σ-deformed Witt algebra (A, [·, ·], σ) defined by Theorem 2.2 is not simple. Moreover, the
triple (A, [·, ·], σ1) is no longer a Hom-Lie algebra.
Proof. It is easy to see that g is determined by the images of t, t−1 on Id− σ. Since
(Id− σ)(t) = t− qts = t(1− qts−1), (Id− σ)(t−1) = t−1 − q−1t−s = −q−1t−s(1− qts−1),
and t,−q−1t−s are units of A, we can take g = 1− qts−1 if s > 2, or g = 1− q−1t1−s if s < 0.
If s > 2, by denoting T = qts−1, we have
∂(T ) =
T − σ(T )
1− T
=
T − T s
1− T
= T (1 + T + T 2 + · · ·+ T s−2).
Hence the ideal I generalized by 1 + T + · · · + T s−2 is a proper ideal of A, which is easily
checked to be ∂-stable (thus also σ-stable by Lemma 3.4). Therefore I is a proper ideal of
σ-deformed Witt algebra (A, [·, ·], σ), and so (A, [·, ·], σ) is not simple.
If s < 0, by denoting T = q−1t1−s, we have
∂(T ) =
T − σ(T )
1− T
=
T − T s
1− T
= −T s
1− T 1−s
1− T
= −T s(1 + T + · · ·+ T−s).
As above, the proper ideal I of A generalized by 1 + T + · · ·+ T−s is (σ, ∂)-stable, so I is an
ideal of (A, [·, ·], σ), and the algebra (A, [·, ·], σ) is not simple.
In both cases, since σ(g)
g
/∈ F , the triple (A, [·, ·], σ1) is not a Hom-Lie algebra by Remark
2.4(4). 
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Corollary 4.5 Let A = C [x±11 , x
±1
2 , · · · , x
±1
n ] be the Laurent polynomial with n variables, and
σ the endomorphism of A defined by σ(xi) = qixi, i = 1, 2, · · · , n, where every 0 6= qi ∈ C is
not a root of unit. Then the triple (A, [·, ·], σ) is a simple σ-deformed Witt algebra, and the
triple (A, [·, ·], σ1) is a simple Hom-Lie algebra.
Proof. It easy to check that σ is an epimorphism ofA, and we can take g = gcd(Id−σ)(A) = 1.
For any monomial xk11 x
k2
2 · · ·x
kn
n ∈ A, since ∂(x
k1
1 x
k2
2 · · ·x
kn
n ) = (1−q
k1
1 q
k2
2 · · · q
kn
n )x
k1
1 x
k2
2 · · ·x
kn
n ,
we see ∂(A) = A. Let I be any nonzero ∂-stable ideal of A. As in (4.2), we can prove I = A.
Thus A is ∂-simple, and the triple (A, [·, ·], σ) is a simple σ-deformed Witt algebra. Since
δ = 1, by Theorem 3.8, we obtain that the triple (A, [·, ·], σ1) is a simple Hom-Lie algebra
with σ1 = σ + Id. 
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